
Nonlinear Systems of ODEs
• 𝐲′ =  𝐀𝐲 + 𝐁𝟏𝐲𝑗𝑘  +  𝐁𝟐𝐲𝑗𝑘𝑙 + . . . + 𝐛,  𝐲(𝟎)  =  𝐲𝟎,

• 𝐀 ∈ R𝑛𝑒×𝑛𝑒 is the constant matrix for the linear part

• 𝐁𝟏 ∈ R𝑛𝑒×𝑛𝑚𝑗𝑘 , 𝐁𝟐 ∈ R𝑛𝑒×𝑛𝑚𝑗𝑘𝑙 are constant matrices for the 

nonlinear part with operation multiplication of 2, 3… terms

• 𝐛 ∈ R𝑛𝑒 is the right-hand side for the forces incoming to the system

• 𝐲𝟎 is the vector of the initial conditions 

• 𝑛𝑒 is the number of equations of the system of ODEs

• 𝑛𝑚𝑗𝑘, 𝑛𝑚𝑗𝑘𝑙 represent number of two and three-function 

multiplications

• Unknown function 𝐲𝑗𝑘 ∈ R𝑛𝑚𝑗𝑘 represents the vector of two-term 

multiplication 𝐲𝑗⨀𝐲𝑘, and similarly for three- and more term 

multiplication

• Higher derivatives can be calculated recurrently:

• Where 𝑟 = 2, … , 𝑛. Taylor series terms are caluculated as a sum of

linear and nonlinear terms:

• Where 𝑟, 𝑠 are current indeces of Taylor series terms, 𝑎, 𝑏 are 

auxiliary indeces for the summation of two and three term 

multiplication in nonlinear part, 𝑝𝐴(𝑠) is the linear term of the

system. 

• Next value of the function at time 𝑡 = 𝑡𝑖 can be calculated as: 
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Modern Taylor Series Method
• Exact, stable and fast high-order numerical 

method for solving ordinary differential 

equations (ODEs): initial value problems (IVPs)

• Automatic integration order setting, i.e. using as many 

Taylor series terms as the defined accuracy requires

• Recurrent calculation of the Taylor series terms rather 

than derivation of functions for each time step

• Automatic transformation of the original technical 

problem to autonomous system of ODEs
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Numerical Results

Kepler Problem
• A classic celestial mechanics problem describing the motion of two 

bodies under mutual gravity. It is a benchmark for numerical stability.

• Governing equations (nonlinear ODEs)

• Where 𝑒 is an eccentricity of a rotating body and r = 𝑦1
2 + 𝑦2
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Nonlinear Implementation (DAE Approach)
• To handle the division operation efficiently, the problem is represented 

as an implicit system of DAEs. This allows the MTSM solver to maintain 

a high integration order without a massive increase in computational 

complexity.

Figure 1: Numerical solution for 𝑒 = 0.5 (stability of solution).

Figure 2: Plot of 𝑃 function for 𝑒 =  0.25, 0.5, 0.75.
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Table 1: Parameters for numerical experiments. 

Table 2: MATLAB numerical methods. 

Table 3: Number of steps. 

Table 4: Comparisons between the proposed DAEs formulation (MTSMD), 
previously used formulation (MTSMM) and MATLAB solvers.
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